We investigate transport of Cooper pairs through a double quantum dot in the Kondo regime and coupled to superconducting leads. Within the nonperturbative slave boson mean-field theory we evaluate the Josephson current for two different configurations, the double quantum dot coupled in parallel and in series to the leads. We find striking differences between these configurations in the supercurrent versus the ratio t / ⌫, where t is the interdot coupling and ⌫ is the coupling to the leads: the critical current I c decreases monotonously with t / ⌫ for the parallel configuration whereas I c exhibits a maximum at t / ⌫ = 1 in the serial case. These results demonstrate that a variation of the ratio t / ⌫ enables one to control the flow of supercurrent through the Kondo resonance of the double quantum dot.
I. INTRODUCTION
The Kondo effect arises whenever a localized spin couples antiferromagnetically with itinerant electrons. At temperatures T Ӷ T K , where T K is the Kondo temperature, the spin of the impurity is screened entirely by the conduction electrons, leading to enhanced scattering at the Fermi surface. 1 This new scattering channel ͑which is reflected in the density of states of the impurity electron at the impurity site as a new quasiparticle resonance of width T K , the Abrikosov-Shul or Kondo resonance͒ changes completely the low temperature properties of the system. In the context of mesoscopic physics, a poorly transmitting quantum dot in the Coulomb blockade regime, T ӷ T K , becomes perfectly conducting ͑unitary limit͒ as the temperature decreases well below T K . 2 The experimental demonstration of this effect 3 is one of the most spectacular examples of the unprecedent control over artificial Kondo impurities 4 that nanotechnology offers. This, together with the possibility of studying new aspects of Kondo physics, has renewed interest in this problem. 5 One of these aspects concerns the study of the competition between superconductivity and Kondo effect 6 in a controlled manner. This can be realized by coupling a quantum dot to superconducting electrodes. The subgap transport through the Andreev bound states 7, 8 in such a nanostructure is strongly affected by Kondo physics, leading to the phase transition in the sign of Josephson current. 9 The large Coulomb interaction prevents the tunneling of Cooper pairs into the quantum dot; electrons in each pair tunnel one by one via virtual processes. 10 Due to Fermi statistics, this results in a negative supercurrent ͑i.e., a -junction͒. However, this argument is only valid in the weak coupling limit, when the gap ⌬ is larger than T K . In the opposite strong coupling limit ͑⌬ / T K Ӷ 1͒ the Kondo resonance restores the positive Josephson current. 9, 11 This effect has been confirmed experimentally in a superconductor-dot-superconductor system. 6 A natural step forward is to study a double quantum dot coupled to superconductors. Choi, Bruder, and Loss 12 studied the spin-dependent Josephson current through a double quantum dot in the Coulomb blockade regime. Here, we study a double quantum dot in the Kondo regime ͑Kondo molecule͒, both in parallel and in series configurations at zero temperature. Both configurations show striking differences in the supercurrent as a function of the ratio t / ⌫, where t is the interdot coupling and ⌫ is the coupling to the leads: the critical current I c decreases monotonously with t / ⌫ for the parallel configuration whereas I c exhibits a maximum at t / ⌫ =1 in the serial case.
II. MODEL
The system is modeled as a two-impurity Anderson Hamiltonian where the normal metallic leads are replaced by standard BCS s-wave superconductors:
and for a double quantum dot in parallel
i are the single-particle energies on the dots tuned by gate voltages. U i is the on-site Coulomb interaction on the ith dot, and U 12 is the interdot Coulomb interaction.
We are interested in the limit U 1 , U 2 → ϱ, U 12 = 0, and − i ӷ⌫ at zero temperature so that ͗n 1 ͘ = ͗n 2 ͘ = 1. The model in this limit is well-described in the slave-boson language. 13 In this limit, the model can be written in a slave-boson language by applying the transformation
Here, f i, is a pseudofermion which destroys one occupied state on quantum dot i and b i † is a boson which creates one empty state on quantum dot i. 13 We then introduce two constraints which prevent double occupancy in each dot by means of Lagrange multipliers, 1 and 2 . 1, 13 The resulting model is solved within the mean-field approach, namely, replacing 
The SBMF version of H ͓see Eq. ͑4͔͒ is now quadratic and contains four parameters, i.e., b 1,2 that renormalize the tunneling amplitudes, Ṽ i,k␣ = b i V i,k␣ and t= tb 1 b 2 , and 1͑2͒ that renormalizes the energy levels 1,2 = i + 1,2 . They are determined from the solution of the SBMF equations in a selfconsistent fashion. The SBMF equations become simpler in the NambuKeldysh space where
are the spinors for the conduction and localized electrons. These mean-field equations are obtained from the equationof-motion of the boson fields and the constrains:
This system of mean-field equation can be written in terms of the 2 ϫ 2 matrix lesser Green function for the dots ͓G i,j ͑t , tЈ͔͒ and the lead-dot matrix lesser Green function ͓G i,k␣ ͑t , tЈ͔͒, respectively
As usual, the diagonal components of the matrix, G and G , correspond to "electronlike" and "holelike" Green functions whereas off-diagonal components, F and F † , correspond to anomalous Green functions.
Following the standard procedure, the lesser Green functions are obtained applying rules of analytical continuation along a complex time contour to the equation of motion of the time-ordered Green function ͑for details, see Refs. 15 and 16͒. The two off-diagonal Green functions, namely, Ĝ i,j ͑with i j͒ lead-dot Green function Ĝ i,k␣ can be cast in terms of the diagonal dot Green function Ĝ i,i ϵ Ĝ i using the equation of motion technique. Hereforth, for simplicity we assume a symmetric structure with 1͑2͒ = 0 , ⌬ L͑R͒ = ⌬, and L =− R = . Then, the system of SBMF equations in terms of the dots Green function becomes ͑for simplicity we omit the spin indices͒
where i = 0 + i are the renormalized levels and ⌫ i = b i 2 ⌫ the renormalized hybridization, which are equal to the Kondo temperature T K for the coupled system 17 ͓⌫ =2 N V 0 2 with N being the normal-state density of states͔.
At equilibrium we can employ Ĝ i Ͻ =2if͑⑀͒Im Ĝ i r with f͑⑀͒ being the Fermi function. Ĝ i r is determined by the lead-dot ⌺ i␣ r and the interdot tunneling ⌺ ti r self-energies. Thus the matrix elements of the lead-dot self-energy are
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as the superconducting density of states. The interdot tunneling self-energy is
where z is the z component of the Pauli matrices and ĝ i r is the matrix Green function for an isolated quantum dot. Since we deal with a symmetric structure i = → i = 0 and ⌫ = ⌫ i . Thus, for example, the diagonal components of the dot Green function for the serial configuration read
where
The Green function ͑12͒ describes the discrete Andreev bound states in the subgap region ͉͑⑀͉ Ͻ⌬͒ as well as the continuum spectrum above the gap ͉͑⑀͉ Ͼ⌬͒. The Andreev states appear as poles of the Green function; i.e., the solutions of D͑⑀͒ =0 ͑see Fig. 1͒ . Accordingly, the Josephson current has two contributions,
where I dis is from the discrete Andreev states and I con from the continuum ͑see Figs. 2 and 3͒ . I tot can be obtained from the evolution of the quantum particle operator of the left contact
The total current, for instance, for the serial case, is given by
͑16͒
where Ṽ 0 = bV 0 . Thus the two parts of the Josephson current for the double quantum dot in series at zero temperature ͑see below for the double quantum dot in parallel͒ are given ͑hereafter currents are expressed in units of 2͉e͉⌬ / ប͒: 11
, ͑17a͒
In Eq. ͑17a͒ the summation is over all Andreev states E p ͓−⌬ , ⑀ F ͔ ͑⑀ F is the Fermi energy͒. Interestingly, we will see below ͓see Eq. ͑28͔͒ that in the deep Kondo limit ͑⌬ӶT K ͒, we recover the short-junction limit for the Josephson current through a resonant level. 11, 18 In this limit the continuum contribution is almost negligible. For ⌬ՇT K the contributions from the continuum part become considerable.
III. RESULTS
Next we present our results for the double quantum dot in parallel and in a series, respectively. We will choose 0 = −3.25, D = 100 ͑bandwidth͒, ⑀ F = 0, and different values for the rest of the parameters at zero temperature. For these values T K 0 = D exp͑−͉ 0 ͉ / ⌫͒Ӎ0.0036. All energies are given in units of ⌫.
A. Double quantum dot in parallel
The problem is greatly simplified by the transformation
The SBMF Hamiltonian is mapped into two independent Josephson junctions ͑"even" and "odd"͒ through effective resonant levels at 0 ± t. Each of the two resonant levels accommodates an Andreev state E e/o and carries Josephson current
For the double quantum dot in parallel, the Andreev bound states ͑E e/o ͒ and Josephson current are conveniently expressed in the even/odd basis. The Andreev bound states are given as the solutions of
The discrete and continuum parts of the current are, respectively, given by
͑21͒
and
Typical profiles of Andreev states on double quantum dot in parallel are shown in the left panels of Fig. 1 . Josephson currents are shown in the left panels of Fig. 2 ͑t ഛ⌫͒ and Fig.  3 ͑t ജ⌫͒. We note that in the deep Kondo limit ⌬ӶT K the double quantum dot in parallel presents short-junction limit behavior: 11, 18 The Andreev states and the Josephson currents are given by the corresponding expressions
͑23͒
with
For very small t / ⌫ both dots have their own Kondo resonances at ⑀ F and the Josephson current resembles that of a ballistic junction. As t / ⌫ increases the even and odd Kondo resonances 0 ± t move away from ⑀ F and as a result I tot ͑͒ diminishes becoming more sinusoidal
The critical current, defined as the maximum supercurrent at phase c , is more accessible experimentally. 19 In our case,
and hence decreases with t / ⌫. Notice that in spite of the simple formal expression for I e/o , the critical current I c depends on the many-body parameters, ⌫ and 0 ± t, in a nontrivial manner through the solution of Eq. ͑8͒.
B. Double quantum dot in a series
A completely different physical scenario is found for the serial configuration. Here the even/odd channels are no longer decoupled and cause novel interference. The manifestation of the interference can be first seen in the profiles of the Andreev states as depicted in Fig. 1 . An important difference from the parallel case is the almost flat spectrum with values close to E e/o ͑͒ Շ⌬ ͑reflecting a very small supercurrent as seen below͒. As t / ⌫ increases the spectrum possesses larger amplitude, and for t / ⌫ Ϸ 1 we eventually recover the spectrum of a ballistic junction E e/o ͑͒Ϸ⌬ cos͑͒. For t / ⌫ ജ 1 gaps are opened again ͓suggesting that I tot ͑͒ diminishes, see below͔.
Formally, the supercurrent, for ⌬ӶT K , is still given by the expression
but now the transmission T is
We can interpret that for small t / ⌫ the Cooper pairs hop directly between the two Kondo resonances and T ϰ ͑t / ⌫͒ 2 .
The supercurrent presents a sinusoidal-like behavior as shown in Fig. 2 . With t / ⌫ increasing, the physical situation changes drastically around t / ⌫ = 1, where the Kondo singularities of each dot hybridize into a correlated state as a result of the coherent superposition of both Kondo states. We find T Ϸ 1 and consequently the supercurrent-phase relation exhibits a typical ballistic-junction behavior ͑see Fig. 3͒ . Further increasing t / ⌫ makes I tot ͑͒ smaller, which is attributed to the formation of bonding and antibonding Kondo resonances. This results in a nonmonotonous behavior of I c as a function of t / ⌫ ͑shown in Fig. 4 for ⌬ / T K 0 = 0.1, 0.25, and 0.5, from top to bottom͒, with a maximum at t = ⌫ ͑coherent superposition of both Kondo resonances͒. For the lowest gap ͑in the short junction regime͒ the maximum critical current reaches the universal value of 2e⌬ / h as expected. 18 The physics of the tunability of I c as a function of t / ⌫ is similar to the transistorlike control of supercurrents in a carbon nanotube quantum dot connected to superconducting reservoirs recently reported by Jarillo et al. 19 These experiments demonstrate that the supercurrent flowing through the quantum dot can be varied by means of a gate voltage which tunes on-and off-resonance successive discrete levels of the quantum dot with respect to ⑀ F of the reservoirs. In our case, the Kondo resonances play the role of the discrete levels in the experiments of Ref. 19 whereas t / ⌫ is the extra knob that tunes the position of the Kondo resonances and thus modulates the critical current. Interestingly, in our case, ͑i͒ the supercurrent is mediated by a coherent many-body state ͑the Kondo resonance͒ instead of a single particle one and ͑ii͒ the maximum supercurrent at t = ⌫ corresponds to coherent transport of Cooper pairs through the whole device whereas an increase of t / ⌫ജ1 splits the Kondo resonance into two ͑bonding and antibonding͒ resulting in a splitting of the Cooper pair into two electrons ͑one on each resonance͒ and thus a reduction of the supercurrent. This suggest the use of the Kondo effect as an alternative to previous proposals using double quantum dots 12 for generating and manipulating entangled pairs in a controlled way.
For the experimental realization of the superconducting Kondo double quantum dot, we propose carbon nanotubes since ͑i͒ they show Kondo physics, 20 ͑ii͒ it is possible to fabricate tunable double quantum dots, 21 and ͑iii͒ they are ideal systems to attach new material as electrodes. 
IV. CONCLUSIONS
We have studied Cooper pair transport through an artificial Kondo molecule. We find remarkable differences in the phase-current relation between serial and parallel configurations of the double quantum dot. For a double quantum dot in parallel, the supercurrent always decreases with t / ⌫ whereas for a serial configuration the current behaves nonmonotonously. This fact allows an extra control of the critical current, and thus of Cooper pairs, through Kondo molecules by simply tuning the interdot tunneling coupling. 
